00 



L^-torsion of hyperbolic manifolds 

Eckehard Hess Thomas Schick 
to appear in Manuscripta Mathematica 



o 



> 
o 

o 

o 

oo 



X 



Eckehard Hess 
Fachbereich Mathematik 
Universitiit Mainz 

55099 Mainz, Germany 
hess@topologie.mathematik.uni-mainz.de 



Thomas Schick 

Fachbereich Mathematik 

Universitat Miinster 

Einsteinstr. 62 

48149 Miinster, Germany 

thomas.schick@math.uni-muenster.de 



The L^-torsion is an invariant defined for compact L^-acyclic manifolds of 
determinant class, for example odd dimensional hyperbolic manifolds. It was 
introduced by John Lott [|Lot92|| and Varghese Mathai ||Mat92|| and computed 
for hyperbolic manifolds in low dimensions. Our definition of the L^-torsion co- 
incides with that of John Lott, which is twice the logarithm of that of Varghese 
Mathai. 

In this paper you will find a proof of the fact that the L^-torsion of hy- 
perbolic manifolds of arbitrary odd dimension does not vanish. This was con- 
jectured by John Lott in |P^ot92 , p. 484, Proposition 16 infra]. Some concrete 
values are computed and an estimate of their growth with the dimension is 
given. The values we compute for dimensions 5 and 7 differ from those pub- 
lished in |[Lot92| , Proposition 16]. The result has been independently achieved 
by both authors and will be part of the dissertation of Eckehard Hess at the 
university of Mainz. For an introduction into L^-theory see [Lu97]. 

We are indebted to Prof. Dr. Liick, Miinster, for permanent support and 
encouragement . 



1. Definition. Following [[Lot92| , p. 482] we define the analytic L^-torsion of 
an L^-acyclic Riemannian {d = 2n + l)-dimensional manifold of determinant 
class by 

n 

Tor(2)(M) = 2^(-iy+Mogdetc(A,|) 

j=0 

Here G is the fundamental group of M, Aj\ is the Laplacian restricted to 
CO closed forms on the universal covering M and the logarithm of the G- 
determinant is computed from the local trace of the heat kernel as follows 



logdetc(A,|) 
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Here F is a fundamental domain of M in M, the first integral exists for s 
sufficiently large and one has to take the meromorphic extension at 0. M 
being of determinant class ensures the second integral to converge. 



2. Theorem. There is a constant > 0, such that for every {d = 2n + 1)- 
dimensional closed hyperbolic manifold 

Tor(2)(M) = (-l)"a,Vol(M) 

The values for have been computed as follows. Although exact values were 
computed for d < 251, we will give only exact numbers for d < 11 and approx- 



imate numbers for < 39; 
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3. Lemma. Let Aj| = (5j(ij|/cer((5 +i) be the Laplacian, restricted to coclosed 
L'^ -forms on the {d = 2n + 1)- dimensional hyperbolic space H'^. Then for 
every closed d-dimensional hyperbolic manifold M with fundamental group G 
and i ^ n 



■' / i._n 



2'^ ' ■\2fc+l 



2/c+l 

fc=0 
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with C = — ; r— and a = n — j 

Here KJ^j is the coefficient of v"^^ in the polynomial 



+ — J 



n2 



Note that P(v) indeed is a polynomial rather than a rational function, as \a\ G 
{l...?T,}. In addition 

logdetG(A„|) = 

Proof. Following | |Lot92| , prop. 15] the local trace of the heat kernel of Aj\ is 



According to the above remark let 

nLo(^^ + fc^)_x-^n.^2. 
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Evaluation of the above integral yields 



Now we have to compute 
^ _ logdet(A,|) 



Vol(M) 
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John Lott showed in |[Lot92| , Lemma 13, p. 481] 

Ln = 

For j 7^ n, that is a = n — j^O 
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J exists for s sufficiently large. Its meromorphic extension leads to 



^ ^ fc=0 



2k+l 
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4. Corollary. For any closed hyperbolic manifold of dimension d = 2n + l we 
have by Definition [| 



Tor(2)(M) 



o— n \ •> / 7,_n 
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The numerical values were computed using this fomula and Mathematica. 
5. Lemma. Let M he a closed {d = 2n + 1)- dimensional manifold. Then 



l)"|logdett;(A,| 



with 

In particular 



(-iy+Mogdetc(A,|) = 

|logdetG(Aj|)| >Oforjj^n 
(-irTor(2)(M) >0 
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Proof. Let j ^ n. Then we have 



^ ^ k=0 



k=0 

Using the definition (*) of the coefficients KJ!j in Lemma |^ one gets 

2n\ rm=oik'-x'' 
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One has 
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where for t g]0, 1[ , r G {0, .., a — 1} we define 
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For t G ]0, 1[ and 0<r<r + l<a — 1 one computes 



> 1 



Hence 



Now the sum 
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is an alternating sum and the absolute values of the summands are stricly 
increasing. So it is not and the sign is that of the last summand. One 
concludes 

logdetc(A,|) = (-l)"-^-i|logdet^(A,|)| 
This also finishes the proof of Theorem S. □ 
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6. Proposition. The constants ad of Theorem^ strictly increase and 
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Proof. An elementary computation shows 
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>1 for n>7 

For n < 7 the growth follows from the table. 
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